cd(A p ) ^ cd(F) ^ 1
(where cd stands for cohomological dimension) for every p ( [8] , corollary 3-3). Thus A p is a free pro-#-group ( [8] , theorem . As A p is also abelian, it easily follows that either A p = 1 or A p s Z. p , the free pro-p-group on one generator. Thus A ^ U p£jr Z p , where n is a set of primes. If n is the set of all primes then n^^Z^, s 2.
We prove by way of converse the following result:
THEOREM. Let F be the free profinite group on a set X, where \X\ > 2, and let n be a non-empty set of primes. Then F has a maximal abelian subgroup isomorphic to H pEn Z p .
The idea of the proof is the following: we show that A -Yl pe7I 1 p is a free factor of P a , i.e. fi a ^ A *B for some profinite group B. To conclude from this that A is a maximal abelian subgroup of F a (the general case then follows from this one), we show that
for every 1 4= a e A. To this end we embed P u in the absolute Galois group of a certain algebraic field and then use some facts about the henselizations of this field. Thus our proof uses field theory in an essential way. We leave open the question whether (*) holds for arbitrary profinite groups A and B.
In this note A*B always denotes the free product in the category of profinite groups of A and B. For basic information about this notion see [6] .
We begin by proving some more properties:
Definition [7] . A discrete group Y is called locally extended residually finite (LERF) if every finitely generated subgroup of F is an intersection of subgroups of finite index in F. LEMMA 1. The discrete free product of two finite groups is LERF. Proof. Let F be the discrete free product of finite groups A and B. The kernel K of the natural map F->AxB is a free subgroup of F (by the Kurosh subgroup theorem [5] , theorem 1-10, p. 178) of finite index in F. By a result of Hall ( [7] , theorem 2-2), K is LERF. Hence F is LERF by [7] , lemma 1-1. Proof. The Lemma asserts that the closure of A in F is isomorphic to A, i.e. the profinite topology of F induces the profinite topology of A. Thus we have to prove that if Ai is a normal subgroup of finite index in A then there exists a normal subgroup of finite index F x in F such that F x n A £ A r Now Aj is finitely generated, since A is finitely generated and (A.AJ < oo. But F is LERF, hence A x = C\ a £i^a> where {FJae/} is the family of subgroups of finite index in F containing A v In particular A x = n a <=z(F a n A). As (A: A x ) < oo, there exists a finite subset J of I such that A x = f\ aeJ (r a n A). Define F 0 = n a ejF a and F x = nyer^o-Clearly (F:F 0 ) < oo; hence F x is a normal subgroup of finite index in F, and r x n A s r 0 n A = Aj. Let us fix a prime 2> and let i; be the 2>-adic valuation of the rationals Q. Let {Q p ,v p ) be the henselization of (Q, v), i.e. Q p is the intersection of the field of p-&dic numbers Q p with the algebraic closure Q of Q, and v p extends v. Let v be the unique extension of v p to a valuation of the algebraic closure Q of Q (cf. [1] , proposition 11). For a field F denote by G(F) = Q(F/F) its absolute Galois gioup. LEMMA 
IfaeG(Q) then either o-<=G(Q p ) or <Q P Q£ = Q.
Proof. Assume Q£ = Q p . Then the restriction a of a to Q p is an automorphism of Q p , hence its fixed field K is henselian with respect to v p (cf. [2] , satz 1-7). But Q p is a henselization of Q, hence K = Q p , whence <f = 1. Thus ere G(Q p ).
Assume Q p =f = Q p . As Q p (resp. QJ) is the decomposition field of v (resp. av) we have that v 4= crv. This implies that the restrictions of v and av to Q p Q p are also distinct, since Q p Q p is henselian with respect to both of these valuations. Thus by a result of F.K.Schmidt( [2] , Satz 1-5) Q^QJ = Q. LEMMA Proof. Let 0 = g x * g 2 * g 3 , where Q t ~ G(Q P ) for i = 1, 2, 3. By Lemma 6 (a), (b) we may assume that P is a subgroup of g x and F a is a subgroup of g 2 * g 3 . Thus H is a subgroup of 6?, by Proposition 4, and .ff n g x = P. It follows by Lemma 6 (c) that (a) and C P (a) = P, since P is abelian. Thus C H (a) = P. LEMMA 8. Let P be a countably generated protective profinite group and let F be a free profinite group of infinite rank. Then P*F ~ F.
(a) Z is isomorphic to a subgroup of G(Q p ). (b) F w is isomorphic to a subgroup of G(Q p ) * G{Q P ).
Proof. Assume first that F =P U . By Iwasawa's criterion ( [8] , theorem 9-3) we have to show the following: Let a: B^-A be an epimorphism of finite groups and an epimorphism. Then there exists an epimorphism rjr: P*P a ->B such that a o i/r = 0.
Denote A x = 0(P), A 2 = ${Pj, B 1 = a" 1^) , -B 2 = a~H^2)-B y the projectivity of P there exists y^"i: P -^B^ such that ao\Jr x = res P^; by Iwasawa's criterion there exists an epimorphism ^i^: J^-^Ba such that ao^2 = res^^. The maps ^r x , ^2 define a map ijr: P *F U -+B such that uorjr = <p. But = ^ and f(P*f a ) 2 ^J = £ 2 2 Kera; thus ^r is an epimorphism. This establishes the case F = F a .
In the general case F zK*F, hence P*F ~ P*^W*P ~ ^w*# ^ P.
Remarks, (a) One can also deduce the Lemma from [6] , satz 3-7, p. 347.
(b) We do not know whether a finitely generated free profinite group can be written as a free product of two profinite groups, not both of them free. If the GrushkoNeumann theorem ( [5] , corollary 1-9, p. 178) is true for profinite groups, then one can prove that such a decomposition is impossible.
We are now in a position to prove the Theorem: Let n be a nonempty set of primes. The group P = U pen Z p is a subgroup of the free group Z, hence P is projective (cf. [4] , proposition 4-8). Thus for F = F~u the result follows from Corollary 7 and Lemma 8. If |Z| > K o then
where the F a are finitely generated free profinite groups. But F ^ A * fi a * F by Lemma 8, hence F = lim A*P a *F a ael in such a way that the maps of this inverse system are the identity on A. As P *F ~ P
